Abstract. We show the close connection between appearingly different Galois theories for comodules introduced recently in [9] and [14] . Furthermore we study equivalences between categories of comodules over a coring and modules over a firm ring. We show that these equivalences are related to Galois theory for comodules.
Introduction
The classical Galois theory of for finite field extensions has a formulation in terms of Hopf algebras. If one takes H = kG * where G is the group of automorphisms of a field L ⊃ k, and puts F = L G the field fixed by G, than L is an H-comodule and L is a Galois extension of F if and only if L ⊗ F L ∼ = L ⊗ k H, by a canonical map (see e.g. [6, Example 6.4 
.3 1)])
. This example has led to a range of generalizations, all under the name of Galois theory (We refer to [4] and [15] for a profound overview). A comodule algebra A over the Hopf algebra H, is called an H-Galois extension of A coH if and only if the canonical map
, is an isomorphism, where ρ A (a) = a [0] ⊗ a [1] denotes the H-coaction on A. It was observed in [1] that Hopf-Galois theory and its generalizations can be beautifully reformulated using the language of corings. The Galois corings of [1] have been generalized by El Kaoutit and Gómez-Torrecillas in [7] , leading to the notion of Galois comodule. An essential aspect of a Galois comodule from [7] is that it is necessarily finite (by this, we mean that it is finitely generated and projective as a right module).
In recent publications, several attempts have been made to introduce a notion of an infinite Galois comodule. In [9] , Gómez-Torrecillas and the author consider Galois comodules over firm rings, this construction generalizes infinite Galois comodules introduced in [8, 5] . An alternative generalization has been proposed by Wisbauer in [14] . The aim of this paper is to study the relationship between these two notions (Section 4). Our results are based on characterisations of equivalences between categories of comodules and categories of (firm) modules (Section 3).
In Section 2 we have collected basic properties of Galois comodules over firm rings. In Section 3, we propose an alternative and more general way to introducing the comonadic Galois comodules from [14] , based on properties of pairs of adjoint functors between categories of modules and comodules over firm rings. Our main result (Theorem 3.4) gives a characterisation of pairs of inverse equivalences between the category of modules over a firm ring and the category of modules over a coring (under some flatness assumptions). More specifically, any such equivalence can be obtained from a Galois comodule in the sense of [9] . As an application, we characterize equivalences between categories of comodules and modules over rings with unit, local units or idempotent local units (see Corollary 3.5, Corollary 3.6 and Corollary 3.7). The main result of Section 4 states that the notion of Galois comodule and comonadic Galois comodule coincide when the comodule under considaration satisfies a generalized notion of projectivity (see Theorem 4.2). Another remarkable result is Theorem 4.3 : if Σ is a comonadic Galois comodule in the sense of [14] , then the underlying coring C is isomorphic to a comatrix coring associated to a comatrix coring context over a firm ring, as introduced in [9] .
Galois theory for comodules bounded by firm rings
Corings and Comodules. Let A be an associative ring (with unit). An A-coring consists of an A-bimodule C, and two A-bilinear maps
such that the following diagrams commute
Remark our convention to denote the identity morphism on an object X by the same character X. We will make use of the Sweedler notation ∆(c) = c (1) ⊗ A c (2) and (
A right C-comodule is a pair (M, ρ M ), where M is a right A-module and ρ :
The category of all right C-comodules and right C-colinear maps is denoted by M C . If B is a second ring, then B M C is the notation for the category of all left B-modules M which also have a right C-comodule structure and such that the comultiplication ρ M on M is left B-linear. Morphisms in B M C are maps that are left B-and right C-colinear. For a comprehensive introduction to the theory of corings an comodules we refer to the monograph [3] .
Firm rings. Let R be an arbitrary ring, not necessary with unit. By M R we denote the category of right R-linear maps and all right R-modules satisfying the property that the multiplication map
establishes an isomorphism. In this case, we denote the inverse map as
We call M R the category of firm right R-modules. Similary one introduces the category R M. It is easy to check that R ∈ M R is equivalent to R ∈ R M, in this situation we refer to R as a firm ring and we will denote the structure maps of R by µ R and d R .
The category M R is abelian provided that R ∈ M R , in that case R is also a generator of the category. We call M ∈ M R flat provided that the functor M ⊗ R − : M R → Ab is exact, where M R denotes the category of all (possibly non-firm) R-modules. If R is flat as a left R-module, then M R is a Grothendieck category and kernels, cokernels and coproducts can be computed in Ab. Let R be a (non-unital) ring. Recall (see e.g. [13, section 1.5] ) that the Dorrohextension of R is a unital ring R = R × Z containing R as a two-sided ideal by the canonical injection ι : R → R, ι(r) = (r, 0). The multiplication in R is given by
for all r, r ′ ∈ R and x, x ′ ∈ Z and (0, 1) is the unit of R. For any M ∈ M R , we can define a unital right R-action via m(r, x) = mr + mx, for all m ∈ M, r ∈ R and x ∈ Z. In this way, we obtain an isomorphism of categories between between M R and M R . In general, there exists no unital ring S such that M R is isomorphic to M S , even if R is firm. However, we can describe M R as a category of comodules over a coring (with a unital base ring). Remark first that the canonical 
Proof. Suppose R is a firm ring. Take ∆ = d R . The coassociativity of ∆ follows by the associativity of µ R , since they are two-sided inverses in M R . Denote ∆(r) = r (1) ⊗ R r (2) , then ι(r (1) )r (2) = r (1) ι(r (2) ) = r (1) r (2) = µ R • d R (r) = r, so the counit property holds as well.
Conversely, if R is an R-coring, one can easily check
so ∆ is a two-sided inverse for µ R , so R is a firm ring. 
As in Lemma 2.1 we can easily check that µ M,R and d M,R are mutual inverses, so M is firm as a right R-module.
Conversely, let M be a firm right R-module and define ρ as the composition
The coassociativity of ρ follows by the coassociativity of µ M,R . Finally, for any m ∈ M,
so the counit property is satisfied as well. 
In general Z † has no unit. Σ and Σ † are a left, respectively right Z † -module with actions given by
(Σ, Σ † , µ) is said to be an R-firm dual pair if their exists a firm ring R together with a ring morphism ι : R → Σ ⊗ A Σ † , ι(r) = e r ⊗ A f r (summation understood) such that Σ and Σ † are a firm left, respectively a firm right R-module, where the R-action is induced by ι.
In particular, we can consider the notion of a firm dual pair, taking R = Z † and ι the identity.
Consider the dual pair (Σ, Σ * , ev), where ev : Σ * ⊗ B Σ → A is the evaluation map. We will denote the associated B-ring by Z, the multiplication in Z as µ Z , and the actions of Z on Σ and Σ † by µ Z,Σ and µ Σ † ,Z . In this paper, we will call a B-A-bimodule Σ firmly projective if and only if the elementary B-ring Z = Σ ⊗ A Σ * is a firm ring and Σ is firm as a left Z-module. Similary, for a firm B-ring R, Σ will be named R-firmly projective if and only if there exists a ring morphism ι : R → Z, ι(r) = e r ⊗ A f r and Σ is a firm R-module under the R-module structure induced by ι.
Obviously, if Σ is firmly projective, then it is Z-firmly projective. In the following Proposition we have collected elementary results about R-firmly projective modules and R-dual pairs.
Proof. (i). First remark that the multiplication R⊗ B Σ → Σ is a right A-linear (and thus an R-A bilinear) map, as it is the composition of right A-linear maps: (Σ⊗ A ev)•(ι⊗ B Σ). This implies that if Σ is R-firmly projective and, a fortiori, firm as a left R-module, the isomorphism R⊗ R Σ ∼ = Σ holds as an isomorphism of R-A bimodules. This isomorphism induces a well-defined map
and Z is a firm ring. In a similar way, Σ is a firm Z-module.
(ii) follows immediately since M ⊗ R R is a firm right R-module for any right R-module M.
(iii). Consider the morphism ζ :
Then we can consider the morphisms
A similar calculation as in part (i) shows that α and β are each other inverses.
Examples of firmly projective modules and firm dual pairs can be easily obtained from (locally) projective modules.
Galois comodules. Recall from [2] the notion of a comatrix coring context (there for rings with unit). Let A and R be firm rings, Σ ∈ R M A , Σ † ∈ A M R and consider two bilinear maps η :
is a comatrix coring context if and only if the following diagrams commute.
In this situation, one can construct a R-ring
† -module and a right D-comodule. Σ † is a right Z † -module and a left D-comodule. Actions and coactions are given by the following formula Proof. (i) ⇒ (ii). Suppose Σ is R-firmly projective for a firm B-ring R. Then one easily checks that (R, A, Σ, Σ † , ι, µ) is a comarix coring context, where we denote as before, ι : R → Σ ⊗ A Σ * the ring morphism from the definition of R-firmly projectivity,
The definition of a comatrix coring context implies that Σ is a firm Rmodule. If we denote η(r) = e r ⊗ A f r for r ∈ R, then the commutativity of the left diagram of (1) means that r · u = e r f r (u), which means exactly that the R-module structure of Σ can be seen as induced by η, exactly as in the definition of an R-firmly projective module.
(ii) ⇒ (iii). We restrict ourself to give the unit and counit of the adjunction and leave the other verifications to the reader
Denote by α and β the unit and counit of the adjunction. The unit evaluated in R induces a right R-linear map
which is also left R-linear by naturality. Moreover, the counit evaluated in A provides us with a map
this map becomes again A-bilinear by naturality. We prove first that for any N ∈ M R ,
i.e. the following diagram commutes.
Take any n ∈ N, and consider the following map in M R , f n : R → N, f n (r) = nr. By naturality of α, the following diagram commutes,
and (2) follows. Similarly we prove that for
If we evaluate these conditions in Σ and Σ † , we obtain the following commutative diagrams, 
Since this will be useful in the sequel, we give the explicit formulas for the coactions of the associated coring and comodules.
for any u ∈ Σ and ϕ ⊗ R r ∈ Σ † = Σ ⊗ R R (summation understood).
Let C be another A coring and suppose that Σ ∈ B M A . We will say that Σ is Rfirmly projective as C-comodule for a firm B-ring R if there exists a ring morphism ι : R → Σ ⊗ A Σ * and Σ ∈ R M C , i.e. Σ is a firm left R-module under the action induced by ι and the action of R is C-colinear.
Under these conditions Σ is called an R-C Galois comodule if and only if the coring morphism
is an isomorphism. This definition of Galois comodule and its associated comatrix coring was given in [9] .
Equivalences beween categories of modules and comodules
The classical Eilenberg-Watts theorem for adjoint functors between categories of modules over unital rings can be easily generalized to firm modules over firm rings. Let (F, G) be a pair of adjoint functors beween two module categories,
with unit η and counit ε. As it is well known, the composite functor C = F G : M A → M A defines a comonad (cotriple) (C, F ηG, ε) on the category M A (see e.g. [10, Chapter VI]). Remark that an adjoint pair can be seen as a comatrix coring context in the bicategory of categories, functors and natural transformations. The construction of a comonad C is then equivalent to the construction of a comatrix coring from this context within this bicategory. We can consider the subcategory M C of M A consisting of all 'C-coalgebras'. Recall that there exists a pair of adjoint functors
where U is the forgetful functor. The original and new obtained adjoint pair of functors can be compared by a unique functor, such that we obain the following diagram
It turns out that the functor K can be choosen as the corestriction of the functor F , since for any M ∈ M R , F (M) ∈ M C . If we apply the Eilenberg-Watts theorem to this situation, we obtain
By applying the Eilenberg-Watts theorem a second time, the comonad C is of the form − ⊗ A C (i.e. induced by an A-coring C) if and only if the composite functor C is right exact and preserves direct sums. If this is the case, then we find
By construction, we find that Σ ∈ R M C . Consequently, we find a ring morphism  : R → End C (Σ). We will call Σ an R-C comonadic-Galois comodule if (5) holds. Under the extra assumption that  is an isomorphism, this coincides with the notion of Galois comodule studied by Wisbauer in [14] . If Σ is an R-C comonadic-Galois comodule, the diagram (4) can be completed as follows
The diagonal in this diagram is again an adjoint pair, this was proven in [9, Lemma 4.2]. Let us prove a version of the Eilenberg-Watts theorem that states that any adjunction between a category of modules and comodules is of this form. 
Proof. The proof goes allong the same lines as the classical Eilenberg-Watts theorem, but let us give a complete proof for sake of completeness.
Since R is a generator in M R , for any M ∈ M R there exists an exact sequence,
Apply the functors F and − ⊗ R Σ on this sequence. Since both functors are right exact and preserve direct sums, we obtain
By the five lemma we obtain that F (M) ∼ = M ⊗ R Σ, this isomorphism is easily verified to be natural. 
is an isomorphism Proof. The proof is identical to the proof of [14, 3.1] 
If C is flat as a left A module, then the following statement holds as well (viii) Σ is faithfully flat as a left R-module.

Conversely, if C is flat as a left A-module then (ii), (iii) and (viii) imply that
We can compute now the functors F ′ and G ′ . One can easily see that F ′ ∼ = − ⊗ R Σ, where we consider now Σ ∈ R M A . Furthermore take any M ∈ M A , then by [3, 
By Theorem 2.4 we find a comatrix coring context (R, A, Σ, Σ † , σ, τ ) and from the equivalence one immediately obtains that C is isomorphic to the associated comatrix coring.
(ii) follows directly form (iii) if we apply Theorem 2.4. (iv). Take any M ∈ M A , then
(v). We know that − ⊗ R Σ and Hom 
When we apply this to the situation Σ † ∈ M R and C ∈ M C , we find
Remark that we only used the fact that Σ is an R-C comonadic-Galois comodule.
To prove the second isomorphism, recall that we already proved that Σ is R-firmly projective. Take ϕ ∈ * C, then we define α : * C → End( R Σ) by α(ϕ)(u) = e r ϕ(f r ⊗ R u r ).
Conversely, we have a map β : End( R Σ) → * C :
with ψ ∈ End( R Σ). We check that α and β are each other inverses.
Finally, let us check that α is a ring morphism.
Remark that for this isomorphism we only used that Σ is an R-C Galois comodule.
(vi). This statement follows from classical arguments, but we give the proof for the sake of completeness. Take any N ∈ M C . Since we know that R is a generator in M R , there exists an exact row in M R of the following form
Since (F, G) is a pair of equivalences, F is an exact functor and preserves direct sums, so we obtain the following exact row in
from which it follows that Σ is generator in M C . (vii) To prove that Σ is projective, one can proceed in a similar way as in part (vi). Suppose the following diagram with exact row is given in M
After applying the exact functor G, we can complete the diagram with a morphism h, since R is projective as a right R-module.
Apply now the exact functor F , then we obtain
t t j j j j j j j j j j j j j j j j
This shows that Σ is a projective right C-comodule.
The remaining statements follow from the stucture theorem for R-C Galois comodules, see [9, Theorem 4.15] . Proof. Since R is a ring local units, R is locally projective and consequently flat as a left R-module. Statements (ii), (iii) and (iv) follow directly from Theorem 3.4. Also by Theorem 3.4, we know that Σ is a firm module over R, with action induced by a ring morphism R → Σ⊗ A Σ † , where (Σ, Σ † , τ ) constitute a dual pair. Since R has local units, this implies Z † = Σ ⊗ A Σ † is also a ring with local units and Σ is a firm left Z † -module. By [12, Theorem 3.4] we obtain that Σ is locally projective as a right A-module.
For the last statement, we only have to prove that C is flat as a left A-module. As in the previous part, we find that the firm right R-module Σ † is locally projective as a left A-module, and consequently Σ † is flat as a left A-module. Since we also suppose Σ to be flat as a left R-module, we find that
In the next corollary we use the notation and terminology of split direct systems that was introduced in [5] . Proof. We can argue as in the proof of Corollary 3.5, to obtain that Z † = Σ ⊗ A Σ † is a ring with idempotent local unit and Σ and Σ † are firm left and right Z † -modules. We can apply [5, Lemma 4.3, Lemma 4.11] , to obtain a characterisation of Σ and Σ † in terms of a colimit of a split direct system. It follows from the proofs of [5, Lemma 4.3, Lemma 4.11] that the individual modules P i of the split direct system are obtained as e i Σ, where e i is an idempotent local unit of R. Since Σ ∈ R M C , the action of e i is right C-colinear and thus P i is a right C-comodule.
Since modules that are discribed as a colimit of a split direct system are in particular locally projective in the sense of Zimmermann-Huisgen (see [12] ), all other statements follow now from Theorem 3.4 and Corollary 3.5. Proof. By Theorem 3.4 and the above corollaries, we only have to prove that Σ is finitely generated in M C . Since C is flat as a left A-module, it is a generator in M C . As in the proof of Theorem 3.4, part (v), we can prove that P = G(C) is a generator in M T . Moreover there exists an epimorphism π : P (I) → T. Let p ∈ P (I) be such that π(p) = 1 T , then it is clear that there exist an ℓ ∈ N such that p ∈ P ℓ ⊂ P (I) . Moreover, by the right T -linearity of π, the map π restricted to P ℓ is still surjective, so T is finitely generated by P , or we have an epimorphism π ′ : P ℓ → T . Applying the exact functor F we find an epimorphism F (π ′ ) : Proof. Suppose Σ is a R-C Galois comodule. We construct an inverse map for the natural morphism (6) . Define
as the composite of the following morphisms
We use the following notation can
Since Σ ∈ R M C , the following diagram commutes
. Applying can −1 • can = Σ * ⊗ R Σ to this last equation, we can rewrite the last formula of (7) in the following way
For the converse, first remark that
A , where ev is the evaluation map
This follows from the straightforward computation
and from can • can −1 = C. Apply this new identity in the fifth equality of the next computation
where we used in the fourth equality that can a morphism of right comodules. Proof. If Σ is an R-C Galois comodule, then it is an R-C comonadic-Galois comodule by Proposition 4.1. To prove the converse, remember that since we know that Σ is R-firmly projective, we can construct the comatrix coring Σ * ⊗ R Σ. Moreover, Σ is comonadic-Galois, so in particular can A : Σ * ⊗ R Σ → C is an isomorphism (of right C-comodules). This map is exactly the canonical coring morphism can (3), so Σ is also an R-C Galois comodule.
Take any Σ ∈ S M C , for any firm ring S ⊂ T = End C (Σ). As before, let Z = Σ ⊗ A Σ * be the elementary (possibly non-unital) S-ring associated to the dual pair (Σ, Σ * , ev). If moreover Σ is a S-C comonadic-Galois comodule, then we can also construct comultiplications on Z and Σ as follows.
Remark that d Z,Σ is equal to the map that is obtained by composing the obvious map Σ → End A (Σ) ⊗ S Σ, u → End A (Σ) ⊗ S u, with the isomorphism
Consider the following diagram
The commutativity of this diagram can be checked as follows. The quadrangle (1) commutes by coassociatityty of Σ, the commutativity of (2) and (3) follow by direct computation (use can in stead of can −1 ) and the commutativity of (4) is trivial. We obtain that
and thus also 
So we find d Z,Σ • µ Z,Σ = Σ, consequently d Z • µ Z = Z, so Z is a firm ring and Σ is a firm left Z-module, i.e. Σ is firmly projective. By Theorem 2.4 this implies that we have a comatrix coring context (Z, A, Σ, Σ † , η, ǫ) if we define
One can easily check that can is a coring isomorphism between the associated comatrix coring and C. The implication (2) ⇒ (1) is trivial. Finally, it follows from [9, Lemma 4.11] that C ∼ = Σ * ⊗ S Σ ∼ = Σ * ⊗ R Σ, and Σ is an R-C Galois comodule.
